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We predict and observed novel highly anisotropic magnetic patterns obtained in the model of
frustrated planar interacting magnetic moments (the classical X −Y model) on the regular kagome
lattice. The frustration is provided by the presence of both ferromagnetic and anti-ferromagnetic
interactions between adjacent magnetic moments defined on the lattice nodes. At the critical value
of the frustration f = fcr = 3/4 such a systems displays the phase transition from the ordered
ferromagnetic state to the disordered frustration regime characterized by the highly-degenerated
ground state. In the frustrated regime, fcr < f ≤ 1, unexpected scaling of spatially averaged
magnetization 〈 ~M〉 on the total number of nodes,N , i.e. 〈 ~M〉 ' N−1/4, has been obtained. Such
scaling is provided by highly anisotropic magnetic patterns displaying the ferromagnetic ordering
along the y-direction, and short-range correlations of magnetic moments along the x-direction. We
conjecture that all these intriguing features are explained by the presence of the double-degenerated
ground state in the basic cell, i.e. single triangle, of the kagome lattice accompanying a large amount
of intrinsic constraints. We anticipate the implementation of the phase transition and anisotropic
magnetic patterns in various systems, e.g. natural magnetic molecular clusters, artificially prepared
Josephson junctions networks, trapped-ions and/or photonic crystals.
Low-dimensional strongly interacting magnetic sys-
tems defined on the regular lattice fascinate scientists
for many years. In such systems various magnetic
phases, e.g. ferromagnetic and anti-ferromagnetic states,
topological magnetic vortices and magnetic vortex-
(anti)vortex pairs1,2, and magnetic skyrmions3, just to
name a few, and corresponding phase transitions have
been predicted and observed. Since the elaborated sem-
inal mathematical models describing these phases are
generic ones, analogous phases have been implemented
and observed also in various artificially prepared solid
states and optical systems, e.g. Josephson junction
networks4–7, trapped-ions simulators8 and/or photonic
crystals9,10.
In this field a special interest presents a system of
strongly interacting planar magnetic moments defined
on various quasi-1D or 2D lattices, so-called classical
X − Y model, showing both spin waves and topologi-
cal excitations, and the famous BKT transition1,2. Even
more peculiar inhomogeneous magnetic patterns have
been obtained in the ground state of frustrated mag-
netic lattices11–13. E.g. the vortex states, the checker-
board distribution of vortices4,14, strip phases15 etc.,
and sharp transitions between these magnetic patterns
as the external parameter varies, were observed. The
frustration in regular magnetic systems can be provided
by various means: application of an external magnetic
field; fabrication of specific lattices such as honeycomb,
Lieb or kagome lattices; combinations of periodically
distributed magnetic couplings having alternating signs
(ferromagnetic/anti-ferromagnetic interactions). Predic-
tion of magnetic patterns in frustrated magnetic systems
is rather sophisticated problem, there are just a few mod-
els where complete analytical solutions are known.
In this Letter we present an analytic solution of the
particular frustrated classical X − Y model on the 2D
kagome lattice. Our analysis is heavily based on a pecu-
liar geometrical property of the kagome lattice, namely,
the vertex-shearing triangles11, i.e. the basic cells (tri-
angles) of the lattice are connected through the nodes
(see Fig. 1) but not the edges as it is e.g. for square
lattices. Here, we will use a rather new way of intro-
ducing frustration, in which frustration arises due to the
periodically distributed magnetic couplings having alter-
nating signs in a single lattice cell. A great advantage
of such method of introducing frustration is the persis-
tence of the frustrated regime for a substantial range of
frustrations but not a single one as it was discussed in
overwhelming number of scientific works previously.
These ideas have been applied in Ref.16 for the
analysis of various inhomogeneous patterns in Joseph-
son junction networks forming quasi-1D diamond
and saw-tooth chains. The two phases showing the
ferromagnetic ordering and disordered pattern of
penetrating vortices (antivortices), and corresponding
phase transition between them have been found. Here,
we notice that the frustrated classical X − Y model
can be naturally implemented in artificially prepared
Josephson junctions networks. However, experimental
realizations of such arrays requires Josephson couplings
of different signs. Such Josephson couplings are provided
by the so-called pi-Josephson junctions that can be
fabricated on basis of multi-junctions SQUIDS in ex-
ternally applied magnetic field4–7,17,18, superconductor-
ferromagnet-superconductor junctions19, different
facets of grain boundaries of high temperature
superconductors20, Josephson junctions between
two-bands superconductors21.
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2As we turn to the frustration regime of X − Y model
on 2D kagome lattice novel highly-anisotropic magnetic
patterns are predicted and obtained. These magnetic
patterns will be characterized by spatial correlation func-
tions. The fingerprints of these magnetic patterns is the
dependence of the spatially averaged magnetization on
the system size showing unusual scaling. The highly-
degenerated ground state occurring in the frustration
regime, will be studied in detail, and all possible real-
izations of such ground state will be classified.
Let us consider the model of interacting classical planar
magnetic moments defined on the 2D kagome lattice of
a finite size N , where N is the total number of nodes in
the lattice. In this model each node i of the lattice is
characterized by the two-component magnetic moment,
~Mi = {Mx,i,My,i}, where (x, y) are axis in the plane
of the lattice. The thermodynamic properties of such
a system are determined by the interaction part of the
Hamiltonian written as :
H = −J
∑
ij
αij ~Mi ~Mj , (1)
where Jαij is the interaction strength. We assume that
the interaction occurs between the magnetic moments of
adjacent nodes i and j only, and therefore, αij yield not
zero values on the edges of the kagome lattice. Next, we
introduce the frustration in our model as follows: αij = 1
for all edges except the ”horizontal”, i.e. along the x-
direction, ones; αij = α for horizontal edges. Moreover,
the interaction strength α can take negative values, and,
in general case, α varies from 1 to −1. We define also the
frustration parameter f = (1−α)/2, where the region of
frustrations, 0 ≤ f ≤ 0.5, corresponds to the presence
of ferromagnetic interactions only, and in the range of
frustrations, 0.5 < f ≤ 1, there are both ferromagnetic
and anti-ferromagnetic couplings periodically varying in
space. The schematic of interacting planar magnetic mo-
ments on the kagome lattice showing various magnetic
moments patterns for different values of frustration f are
presented in Fig. 1.
Another way to describe such a system is to define the
phases ϕi on the nodes as Mx,i = M cosϕi and My,i =
M sinϕi (M is the amplitude of the magnetic moments),
and in this representation, the Hamiltonian is written
as2,4,22,23
H{ϕi} = −MJ
∑
ij
αij cos(ϕi − ϕj). (2)
Such phase-Hamiltonian (Eq. (2)) is extremely suitable
for an analysis of the frustrated planar magnetic moment
models, and it also describes the dynamics of complex
Josephson junction networks composed of both 0- and
pi junctions19–21. For Josephson junction networks the
parameter MJ has a meaning of the critical current of a
single Josephson junction between the superconducting
islands occupied the lattice nodes.
FIG. 1. (color online) The schematics of planar magnetic
moment model (the classical X − Y model on the kagome
lattice) in non-frustrated (a) and frustrated (b) regimes. The
ferromagnetic ((a), f = 0) and disordered magnetic moment
pattern ((b),f = 1) are shown
At temperature T = 0 the spatially averaged magne-
tization 〈M〉, and various magnetic patterns are deter-
mined by the ground state of a system. By making use
of a particular property of the kagome lattice, namely, the
vertex-shearing triangles, we obtain the ground states of
a single triangle minimizing of its energy. With obtained
ground states of a single triangle we were able to obtain
the ground states of a whole system for different values of
the frustration f . We also numerically calculate spatially
averaged magnetization 〈M〉 = 1N |
∑
i
~Mi| , and spatial
correlation functions, C(i− j) = 〈 ~Mi ~Mj〉.
The dependence of spatially averaged magnetization
〈M〉 on the frustration f is shown in Fig. 2a. We obtain
that in the region of frustrations, 0 < f < fcr = 3/4 ,
the ground state is the ferromagnetic one. In this non-
frustrated regime the spatially averaged magnetization
does not depend on N and f , and takes a maximum
value, 〈M〉 = M . The stability of the ferromagnetic
ground state was obtained by studying small oscillations
around the ground state24. To make that we write the
dynamic equations of the phase-Hamiltonian (2) in the
following form:
ϕ¨i = −∂H
∂ϕi
. (3)
Small collective oscillations of phases ϕi are character-
ized by the dispersion relation ω(k). In the Ref. 16 for
f = 3/4 the zero mode ω(k) = 0 has been obtained. Such
flat band zero mode indicates the instability of the ferro-
magnetic ground state ~Mi = ~M (ϕi = 0), and the phase
transition to the intrinsically disordered frustrated regime
occurring in the region of frustrations, (3/4) < f < 1.
In this regime the spatially averaged magnetization
〈M〉 strongly depends on the frustration f and size of
a system, N . In the limit of N →∞ the 〈M〉 aspires the
zero value, and it indicates the presence of disordered
magnetic patterns. The quantitative analysis of disor-
dered magnetic patterns was carried out as follows:
〈M〉 =
√
M2
3FIG. 2. (color online) The dependence of spatially averaged
magnetization 〈M〉 on the frustration f (a) and the size of the
system N (b) (solid lines). The size N = 104 was chosen for
Fig. 2a. In Fig. 2b the frustration f decreases from bottom
(f = 1) to up. The dependence of spatially averaged magne-
tization 〈M〉 on the size of the system N for 1D frustrated
saw-tooth chain is shown in (b) by dashed line.
M2 =
1
N2
(∑
i
Mx,i
)2
+
(∑
i
My,i
)2 . (4)
For systems of a large size N  1 we use the continu-
ous limit, and introducing the spatial correlation function
C(~ρ), where ~ρ is the radius vector in the lattice plane, the
spatially averaged magnetization is expressed as
M2 =
M2
LD
∫
dD~ρC(~ρ), (5)
where L ' N1/D is the linear size of a system, and D
is the dimension of the lattice. Thus, the dependence of
〈M〉 on the size L (or number of sites N) is completely
determined by the spatial correlation function C(~ρ).
Assuming an isotropic correlation function with the fi-
nite correlation radius ρ0(f), we obtain 〈M〉 ∝ 1/
√
N as
L  ρ0. First, we apply this result to the case of 1D
frustrated saw-tooth chain where the short range corre-
lation function has been obtained16. Indeed, the scaling
〈M〉 ∝ Mρ0/
√
N was observed for frustrated saw-tooth
chain (see the dashed line in Fig. 2b). However, nu-
merically calculated dependencies of 〈M〉 on the size of
the kagome lattice clearly demonstrate unexpected scal-
ing 〈M〉 ∝ N−1/4 (see the solid lines in Fig. 2b). Such
scaling indicates a strong anisotropy of the correlation
function C(~ρ) for the magnetic kagome lattice biased in
the frustrated regime. Indeed, the scaling N1/4 can be
explained by a following assumption: in the frustrated
regime the spatial correlation function shows the long-
range correlation in a one direction, and a short range
correlation in other direction.
To check this assumption we numerically calculated
the spatial correlation function C(~ρ) for different values
of frustration. The typical dependencies are presented
in Fig. 3 for f = 4/5 and for two different sizes of a
system, and one can see an anisotropic magnetic pattern
with short range correlations along the x-direction (see
the Cx(ρ) in Fig. 3a), and a long-range ferromagnetic
correlation along the y-direction (see the Cy(ρ) in Fig.
3b). Notice here that for systems of moderate size (N '
250), the long-range ferromagnetic correlations diminish
FIG. 3. (color online) The anisotropic spatial correlation func-
tions of the magnetic moments Cx,y(i − j) in the frustrated
regime: long-range ferromagnetic correlations along the y-
direction (a), short-range correlations along the x-direction
(b). The results for the frustration f = 4/5, and two different
sizes N = 250 (red (gray) lines) and N = 6× 104 (blue (light
gray) lines) are presented.
(see red (grey) line in Fig. 3b). The correlation radius
of Cx(ρ) increases as the frustration f approaches to the
critical value fcr.
Next, we present qualitative explanation of such
anisotropic magnetic patterns occurring in the frustrated
(disordered) regime of the X − Y model on the kagome
lattice. The thermodynamic properties of the classical
X −Y model on the kagome lattice is determined by the
partition function
In the classical regime the thermodynamic properties
of the arrays of interacting Josephson junctions are de-
scribed by the partition function
Z =
∫
D{ϕi}exp
[
H{ϕi}
kBT
]
(6)
At T = 0 the partition function Z is determined by the
global minimum of the functionalH{ϕi} only. As f < fcr
such minimum corresponds to the ferromagnetic order-
ing, ϕi = 0. As f > fcr the minimum of Hamiltonians (1)
and (2) of a single triangle, is provided by two realizations
of the phases ϕ1−3 (these phases are indicated in Fig.
4a). Therefore, the ground state of a single triangle is the
double-generated one, and explicit values of the phases
ϕ1−3 were obtained in Ref. 16 as ϕ2−ϕ1 = ϕ3−ϕ2 = u,
and ϕ3−ϕ1 = 2u. The values of u are determined by the
frustration as u = ±2 arccos[ 1(4f−2) ] in the range of frus-
trations, fcr < f ≤ 1, and two realizations correspond
to the penetration of vortex (anti-vortex) that differ by
clockwise (anticlockwise) rotation of the magnetic mo-
ments ~M1−3. The vortices (antivortices) are marked by
(green)red circles in Fig. 4a-b.
In the frustration regime fcr < f ≤ 1 we construct
the ground states of a kagome lattice taking into account
all realizations of these two basic states of a single tri-
angle, satisfying a large amount of intrinsic constraints:
the sums of phases ϕi around the closed loops have to be
2pin. For most frustrations just the value n = 0 can be
realized.
4Thus, a single plaquette of the kagome lattice com-
posed of six triangles and a one closed loop, provides
the 14th-degenerated ground state corresponding pos-
sible combinations of (anti)vortices The seven realiza-
tions of the ground state are shown in Fig. 4c-j, and
other seven realizations can be obtained by exchanging
red (green) marks. Notice here that the total number of
randomly distributed red (green) circles is 26 = 64, and
therefore, even a single constraint drastically reduces the
number of possible realizations.
As we turn to kagome lattices of a large size (a partic-
ular example with 24 triangles and seven constraints is
shown in Fig.1) we also obtain that a number of realiza-
tions R corresponding to the highly-degenerated ground
state is drastically reduced, and our study indicates the
following conjecture: log2R '
√
N instead of log2R ' N
for randomly distributed (anti)vortices. Moreover, the
overwhelming number of realizations shows the ferromag-
netic ordering along the y-direction, and no such order-
ing in x-direction. It results in the anisotropic spatial
correlation functions Cx,y(i − j) averaged over the real-
izations corresponding to the highly degenerated ground
state (see Fig. 3). However, such ferromagnetic order-
ing along the y-direction was not observed for systems of
moderate size (see red ( gray) solid lines in Fig. 3).
Finally, we notice that the additional realizations cor-
responding to the sums of phases ϕi around the closed
loops have to be ±2pi, were obtained for particular val-
ues of frustrations as f = 1 and f = (
√
3 + 3)/6. For
example for the case f = 1 these additional realiza-
tions lead to the recovering of isotropic spatial correla-
tion function Cx,y(i − j). However, as f = 1 the spatial
isotropic correlation function shows long-range correla-
tions as C(ρ) ' 1/ρ, and the spatially averaged magne-
tization still displays the scaling 〈 ~M〉 ' N−1/4 (see Fig.
2b).
In conclusion, we have studied various magnetic pat-
terns in the model of frustrated planar interacting mag-
netic moments (the classical X−Y model) on the kagome
lattice. The frustration is provided by the presence of
both ferromagnetic and anti-ferromagnetic interactions
between adjacent magnetic moments. At the critical
value of the frustration f = fcr = 3/4 such a systems
shows the phase transition from the ordered ferromag-
netic state to the disordered frustration regime character-
ized by highly-degenerated ground state (see Fig. 2a). In
this frustrated regime, fcr < f ≤ 1, unexpected scaling
of spatially averaged magnetization 〈 ~M〉 on the number
of nodes, N , i.e. 〈 ~M〉 ' N−1/4, has been obtained (see
Fig. 2b). Such scaling is determined by the anisotropic
magnetic patterns displaying the ferromagnetic order-
ing along the y-direction, and short-range correlations
of magnetic moments along the x-direction (see Fig. 3).
All these intriguing features were explained by the pres-
ence of double-degenerated ground state of a basic cell,
i.e. single triangles, of the kagome lattice (see Fig. 4a-
b) accompanying a large amount of intrinsic constraints
(see Fig. 4c-j). The classical frustrated X − Y model on

J J
J
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d e f
g i j
FIG. 4. (color online) Distributions of magnetic moments in
a single triangle (a-b), and a single plaquete of the kagome
lattice (c-j). The (anti)clockwise distributions of a single tri-
angle magnetic moment ~M1−3 are marked by red(green) cir-
cles. The phases ϕ1−3 on nodes and interaction strengths are
indicated in Fig. 4a.
the kagome lattice can be implemented in natural mag-
netic molecular clusters, artificially prepared Josephson
junctions networks, and photonic crystals, and we antic-
ipate the observation of the phase transition and various
anisotropic magnetic patterns in such systems.
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